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SECOHDASY FLOWS HT ARHIILAE CASCADES ASD EFFECTS OE FLOW IE 

lELBT GUIDB YAEES 

By Seymour LleBlein and RLchard H. Ackley 


SUMMARY 

An analysis of the flow acrass an anniilar cascade of axial-flow 
inlet guide vanes was conducted in order to evaluate the role of sec- 
ondary flows in causing discrepancies between design and observed 
velocity diagrams. A qualitative discussion of the general nature of 
the secondary flows within the passages of stationary annular cas- 
cades with radial design variations of circulation is presented for 
both the end-wall boundary-layer regions and the central potential- 
flow regions of the blade passage. Deviations from ideal mean outlet 
flows (as determined on the basis of blade-element performance) were 
shown to exist in the potential- flow region of the vanes because of 
conditions imposed by the end-wall boundaries , the displacement of the 
wall boundary- layer siarfaces, and the Irrotationality requirement. As 
a consequence of the existence of nonuniform radial flows across the 
blade spacing in the actual flow through cascades, it may not generally 
be possible to obtain any arbitrarily specified design variation of 
turning angle along the radial height of a blade row. 

Quantitative evaluations of the variation of the actual mean flow 
leaving a row of inlet guide vanes were obtained by the method of 
singularities in which a distribution of vorticity directly ;^oportional 
to the ideal circxalation variation of the design was superin^iosed on 
the ideal blade-element flow. Induced turning-angle deflections were 
calctilated from the induced velocities of the superimposed vortex 
system. With the use of an empirically determined correlation factor, 
good agreement was obtained between calculated and experimental radial 
variations of turning angle for several conventional inlet guide vanes 
for which accurate blade-element turning-angle design data were avail- 
able . 


rCPERCDUCTIOE 


The existence of secondary flows within the passages of blade 
rows is recognized as having an important effect on the performance of 
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axial-flow compressors and, turbines (references 1 and 2) . The term 
"secondary flow" is generally used to represent deviations of the 
actual flow from distrihutions determined on the "basis of the perform- 
ance of individual blade elements. Secondary flows in a cascade of 
blades arise primarily from the effects of blade twist and end-wall 
bound, ary layers. 

The effects of secondary flows on the performance of a series of 
blade rows may be classified into two general types: The first effect 

appears as a direct or inherent loss due to the absorption of energy 
from the through flow in order to produce the secondary motions and 
due to the partial dissipation of this energy by viscous action. The 
second effect is an indirect or matching loss due to the deviations 
from design values of the direction and magnitude of the velocities 
leaving one blade row and entering the next. !I5ie magnitude of the 
inherent loss depends on the strength of the secondary flows, as repre- 
sented by the vorticity of the motions, and upon the degree to which 
the associated energy is recovered as useful energy. Tot 6il-pres sure 
losses arising from secondary flows in a two-dimensional cascade are 
shown in reference 3j and in references 4 and 5 a considerable portion 
of the losses in axial-flow compressors at design conditions is attri- 
buted to induced drag. 

!Ehe problem of secondary flows in rectangular curved passages and 
cascades, of airfoils has been investigated on the basis of both airfoil 
theory (references 3, 6, and 7) and channel theory (references 0 and 9) . 
In the airfoil- theory approach. Induced drag and angl.e deflection are 
calculated from considerations of the trailing vorticity associated with 
spanwlse variations of circulation (blade loading) . Eef erences 3 and 6 
present analyses of induced effects at the blade midspan on the basis 
of the assumption that the blade lift falls off in the wall boundary- 
layer regions and gives rise to a trailing vortex system of the con- 
ventional horseshoe form. In reference 7, a continuous solution and 
a continuous vortex sheet expressed in terms of a Fourier series are 
treated. All developaents are based on rectangular cascade flow, and 
no experimental verification of the accuracy of calculated induced 
deflections along the length of the span of a blade is presented. 

The airfoil- theory approach, which is based on the concept of 
the similarity of the trailing vortex systems of isolated and cascade 
airfoils, can be recognized to contain several disadvantages. The 
general nature and strength of the trailing vorticity in the blade 
end regions (wall boundaiy- layer regions) of cascade airfoils are 
not definitely known, and there exists some question concerning the 
validity of the usual relations among blade 'lift, circulation, and 
trailing vorticity in the end regions of cascade airfoils. The airfoil 
approach, in addition, is incapable of presenting a detailed picture 
of the physical nature of the flow at points within the passage between 
blades. 
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Solutions for the flow within blade passages of cascades have "been 
ohtsd-ned hy means of the channel- theory approach. Frcsa considerations 
of the flow in curved channels with large inlet boundary layers, it is 
shown in references 8 and 9 that secondary circulations will occur in 
the outlet flow because of a type of gyroscopic effect on the inlet 
boundary- layer vortlclty as the air is turned by the passage. According 
to the results of these references, this type of secondary flow is 
restricted to the regions along the blade in which the entering velocity 
is nonuni form in profile along the span. For cascades with relatively 
thin wall boundary layers, however, no information concemaing the flow- 
in the central region of -the casca^ -where -fche inlet total pressure is 
uniform is obtained from this approach. 

Cascade configurations containing thin wall boundary layers are 
frequently found in ayi a1 -flow-compressor research and design; the 
principal examples are the -two-dimensional blade-testing tunnels, the 
inlet guide -vanes of multistage units, and -fahe first ro-feor row of ccmi- 
pressors -without inlet guide vanes. An investigation of secondary flows 
in inlet guide vanes reported herein -was made at the HACA Lewis labora- 
tory to evaluate, by means of theoretical ana, lysis and experimental 
correlation, the role played by secondary flows in cansing discrepancies 
between design and observed velocity diagrams, and to present an approxi- 
mate method of predicting -fche -variation of -fche actual mesm flow along 
the span of con-yentional axial-flow inlet guide vanes. 

A qualitative discussion of -fche general nature of -the secondary 
flows -within the passages of stationary annular cascades is presented 
for both the end-wall boundary- layer regions and the central potential- 
flow regions of the blade passage. From considerations of the con- 
ditions imposed by -fche end--wall or casing boundaries, the spanwise 
displacement of the -wall boundary layers, and the iirotationality 
requirement, it is shown -that secondary flows must exist in the 
potential-flow regions of the blades. These de-vlations from the ideal 
mean -through flows (calculated on -fche basis of blade-element perfoimance) 
are due primarily to -fche effects of variations of spanwise veloci-fcy 
across the spacing between blades. 

Quantitative evaluations of -fche -variation of the actxial mean flow 
along the span of cascade blades were ob-fcained by the-me-fchod of singu- 
larities, in which a distribution of -vorticity related -fco -fche blade 
design -was superimposed on -file ideal blade- element flow of -fche cascade 
to correct for the effects of finite casing boundaries and -wall 
boundary layers. Induced turning-angle deflections were calculated 
from -the induced effects of -fche super inposed -vortex system. Calcula- 
tions were made for six axial -flow guide vanes in annular cascade. From 
a comparison of the theoretical and experimen-fcal air turning angles, a 
correlation fac-fcor -was ob-fcained for -fche -fcheoretical Induced tirrning 
angle -fchat resul-fced in good agreement between the theoretical and experi- 
mental turning angles along the span of -fche blade for t cases. 
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QUALITATIVE AliALYSIS 

The flow at the inlet to axial-flow inlet guide vanes is usually 
characterized by relatively thin boundary layers at the end walls and 
a region of substantially constant total pressure over the greater 
portion of the blada height. For purposes of ansLlysis, therefore, the 
cascades considered will be divided into two regions; a boundary- layer 
region at the end walls and a potential- flow region over the remainder 
of the blade height. Cascades with passages of constant inner and 
outer radius and with no blade end clearance are assumed. 


Bo\andary- Layer Region 

For an appraisal of the secondary circulations existing in the 
wall boundary regions of cascades of airfoils, recourse is made to the 
results of references 8 and 9. In these papers, the vortlcity parallel 
to the flow at the outlet of cascades, to a first approximation for 
parallel inlet flow, is shown to be given by 

J - - 2(A^) g •(!) 

where A^ is the air turning angle and dv/dx is the gradient of the 
velocity distribution along the span in the inlet boundary layer (inlet 
vortlcity) at the blade ends. (For convenience, all symbols used herein 
are defined in appendix A.) The secondary circulation associated with 
this vortlcity appears as shown by the streamline^ of the secondary 
flow in figure l(a), where the circulatory velocity in the center 
of the region is zero. Although equation (l) was derived for rectangular 
cascades and, included the assumgptions of negligible viscous forces (as 
would be the case with large boun d ary layers) and fixed total-pressure 
surfaces as the fluid passes through the cascade, this general type of. 
motion must exist in the csise of annular cascades with relatively thin 
boundary layers and where some distortion of the boundary- layer svn*faces 
occurs. Because of this circulatory flow, a marked variation in the 
mean turning angle of the fluid would be expected across the boundary 
layer with an underturning .near the free stream and an overturning near 
the wall. This increase in turning angle at the blade ends has been 
well established a5g>erimentally (references 1 and 3, for example) , thus 
confirming the direction of the secondary flows. A typical example of 
an experimental turning- angle vsirlation in a two-dimensional cascade 
is shown in figure l(b) . 

In addition to the circulatory flow illiistrated in figure 1(a), 
considerations of the pressure gradients between blade surfaces reveal 
(references 10 and 11) that a deflection of the throi:;gh-flOw streamlines 
in the boundary- layer regions will occur toward the wall near the 
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pressure surface of the blade and away from the wall near the suction. 
sxu:face. As shown in figinre 1(c), this distortion of the botindary- 
layer interface gives rise to a thickening of the boundary layer on 
the suction surface and a thinning of the boundary layer on the 
pressure surface. 

lEhe deflection of the streamlines in the boundary- layer regions 
is explained by the following considerations: The centrifugal force 

arising from the cinrved motion through the cascade passage creates a 
difference in pressure from pressure to suction surface that persists 
acixjss the relatively thin boundary layers to the end walls. The 
pressure gradient normal to the direction of the streamline ds is 
very closely given by 


ds P 


( 2 ) 


where V and r^, are the free- stream velocity and radius of curvature, 
respectively, in planes parallel to the side wadJs at the boundary-layer 
interface (fig. 1(d)). As the velocity is decreased within the boundary 
layer, the reduced kinetic energy of the flow becomes insufficient to 
balance he imposed pressure gradient, and a deflection of the flow 
toward the suction surface results j that is, r^ must be reduced. 

The streamline deflection is greatest, of cotirse, adjacent to the walls 
where the velocities are smallest. As a result, of this deflection, the 
turning angle increases as the wall is approached and the boundary- 
layer flow is displaced toward the blade suction stirface. The same 
result of an increase in turning angle in the boundary layer at the 
walls was obtained in reference 12;ifrom an analysis of turbulent 
boundary layers in three-dimensional flow. 

The displacement phenomenon in annular cascades is probably some- 
what more complex than in rectangular cascades because of the addi- 
tional effects of radial displacement of the mai n body of fluid due 
to radial pressure equilibrium requirements, and of possible radial 
displacement of ilLe boundary lasrers on the blade sinrfaces toward the 
hub due to the radial centrifugal force field. Experimental evidence 
of the wall boundary- layer displacement towacrd the blade suction 
surfaces is given in references 3 and 13j typical examples are shown 
in figures l(e) and l(f) of this report. The principal general effects 
of the secondary flow in the wall boundary- layer regions are thus 
tendencies toward underturning near the free- stream side and over- 
turning near the end walls, and a thickening of the wall bo\mdary 
layers toward the suction surfaces. 
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Potential-riow Region 

Over the main portion of the cascade channel, the inlet vorticity 
is zero (constant total pressure and temperature) and therefore no 
complete circulatory motions occur in the outlet flow in this region; 
that is, the fluid remains irrotational. Mathematically, for flow in 
an annular passage, the irrotationality condition requires that in a 
plane normal to the axis. 


5(rVe) 

dr “ 'Se~ 


(3) 


Althoiagh equation (3) , strictly speaMng, applies locally to a point in 
the fluid, the relation is used to obtain an estimate of the mean flow 
between blades by considering equation (3) to represent circumferen- 
tially averaged conditions. Thus on the average, for any radieil varia- 
tion of whirl rVg, a specific variation in radial velocity must exist 
across the spacing from blade surface to blade surface. 

Free -vortex blading. - For the case of perfect coapressible flow 
across a free-vortex cascade (without wall boundary layers), radial 
pressure equilibrium requires that a radial displacement of the flow 
occur toward the tip across the blade row. Thus within the passage 
between blades, radial components of velocity outward toward the tip 
cEising generally exist. At the same time, boundary conditions require 
that the radial velocity at the walls at hub and tip be zero. It is 
possible, however, for the radial velocity to vary along the radius 
with constant magnitudes across the spacing and thus meet the irro- 
tationality requirement for this type of blading that the tangential 
gradient of V be zero at all polntsj as shown in figures 2(a) and 
2(b) . Constant circulation along the radius may therefore be obtained 
from free-vortex blading in the absence of wall boundary layers. Radial 
velocity outward toward the tip and tangential velocity from pressure 
surface to suction surface are considered positive. 

In an actual fluid where end-wall boundary layers are present, 
however, the displacement of the boundary layer toward the blade suction 
surface results in opposite radial displacements of the main body of 
the fluid over the pressure and suction surfaces of the blade. As 
illustrated in the exaggerated plan view of figure 3(a) for the case 
of equal average bovindary- layer thickness at inlet and outlet, the 
radial motion is outward toward the walls at the pressure stn:face and 
inward away from the walls at the suction surface (see photographs in 
reference 1) . For cascades *in which the average boundary- layer thick- 
ness at the outlet is greater than that at the inlet, the radial 
deflections introduced by the wall boundary layers will be more 
pronounced over the suction surface of the blades, as illustrated in 
figure 3(b) . 
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In any particular cascade, the resultant radial motion, at points 
within the "blade passages is the combination of the radial flows due 
to the wall boundary- layer displacement, the prevailiiog radial flows 
arising from the reijulrements of radial pressure equilibrium, and the 
possible radial, motions of the blade surface boundary layers. 

Because of the radial motion introduced by the wall "boundary 
layers, "V"^ is not constant across the spacing as shown in figure 4(a), 
and as a consequence the whirl rV 0 cannot remain constant along the 
radius. With the tangential gradient of "Vj. positive on the left 
side of the channel and negative on the right, r"V"g must decrease from 
the midspan of the passage to the boundary layers (fig. 4(b)). IThe 
blade circulation and air turning angle, being functions of the outlet 
whirl, will likewise tend to decrease from the center of the passage 
to the boundary layers compared with the variations for perfect blade- 
element flow. The complete variation of mean air turning angle along 
the radial height of a free-vortex cascade appears as shown in fig- 
ure 4(c) . Figures 4(d) and 4(e) illustrate the radial velocity and 
whirl components for a decelerating cascade. A similar radial variation 
of turning angle is to be expected for staggered cascades. A typical 
example of an experimental radial variation of air turning angle across 
a conventional free-vortex turbine-inlet nozzle obtained from refer- 
ence 20 is illxistrated in figure 4(f) . 

In general, the deviations of the actual flow from the ideal blade- 
element flow in free-vortex cascades with wall boimdary layers can be 
obtained from the superposition of the ideal through flow and an 
apparent secondary flow of the type shown in figrure 4(g) . The second- 
ary velocities are strongest along, the boundary- layer interface and 
adjacent to the walls, and a complete circulatory streamline path of 
the secondary flows exists only in the boundary- layer regions. 

"Variable- circulation blading without wan boundary layers. - In 
many cases, inlet guide vanes are designed to produce outlet rotations 
involving a variation of circulation along the radius (such as constant 
turning, constant tangential velocity, or wheel- type diagrams) . For 
such designs, according to equation (3) , the radial velocity is no 
longer constant across the spacing and, the contpatibility of prescribed 
circulaticn variations and corresponding radial velocities must be 
investigated. ,_As an illustration of the secondary flows arising in 
this type of blading, a qualitative analysis of the flow across a 
cascade designed for radially constant outlet tangential velocity will 
be made. 

For a cascade with constant tangential velocity along the radius, 
from equation (3) , on the average 
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and the radial velocity must vary approximately linearly across the 
spacing. Inasmuch as the whirl increases with radius, the absolute 
magnitude of the radial velocity (which is negative) on the pressure 
surface will be greater than on the suction surface, and the required 
variation of radial velocity will appear as in figure 5(a) . The mean 
radial displacement is toward the hub for this type of blading. Con- 
sider the case of no wall boundary layers: Along the inner and outer 

walls. 


Vp = 0 


and 


bv^/he * 0 

Furthermore, Inasmuch as the radial velocity must vary continuously 
throughout the flow passage between blades, some radieil distance is 
required before the radial velocity can attain its required tangential 
variation. ' There exists, therefore, a region near the walls in which 
the circumferential variation of Vj, is less than the value required 
for a linear increase in rVg (fig. 5(b)). In the blade end regions, 
therefofe, the required circulation gradient cannot be maintained and 
the gradients will approach zero values at the walls, as illustrated in 
figure 5(c) . In any particular cascade, the magnitude of the deviation 
of the actual circulation will depend upon many factors, such aa the 
geometry of the cascade (blade shape, solidity, aspect ratio, and so 
forth) and the blside loading. A three-dimensional analysis of the flow 
through cascade passages may be required for a complete point-to-point 
solution across the passage. 

The radial variation of air turning angle across the cascade is 
generally similar in form to the circulation variation, and, therefore, 
an underturning in the tip region and an overturning in the hub region 
of the blades would be expected (fig. 5(c)) . This type of turning- 
angle deviation applies generally to all forms of radially increasing 
design circulation gradients, where the exact form and magnitude of the 
deviations depend upon the cascade and the form and magnitude of the 
design circulation gradient. Similarly, if a radially decreasing 
variation of circulation were prescribed, an overturning in the tip 
region and an under turning in the hub region would result, as shown in 
figure 5(d) . Thus, sis a consequence of the effects of the boundary 
conditions imposed by the end walls, it is not generally possible to 
achieve any arbitrary design variation of turning angle along the span 
of cascade blades, even- in the absence of wall boundary layers. In sill 
cases, the trend of the actml turning- angle variation is in the 
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direction of a decrease in tlie magni.tvides of the turning-angle gradients 
in the end regions of the "blades. 

'yarla'ble circulation "blading vith -wall "boundary layers. - "When 
hoiindary layers are present along the end ■walls of cascades with variable 
circulation blading, radial motions in addition to those arising from 
the requirements of radial pressure equilibrium are superimposed on 
the mn.l.'n body of the flow. These additional radial motions arise from' 
■fche distortion of the boundary-layer Interface as the fltiid passes 
through the cascade. As previously indlca'ted, these radial displace- 
ments are relatively outward toward the iralls near the pressure surface 
and inward away from the walls near the s\iction surface. The additional 
radial flows Introduced by the wall "bo'undary— layer displacement are 
shown in figure 6(a) for the illiastrative cascade with radially increas- 
ing design circulation. Hear the tip region of the "blade, the radial 
velocities imposed by the "boundary-layer distortion will tend to 
decrease the gradient of the radial velocity across the passage 
(fig. 6(b)). According to equation (3), therefore, a smaller radial 
gradient of whirl can be mai nt ained in this region, and a further reduc- 
tion in circulation and turning angle will result. In seme cases, if 
the "boundary-layer displacement is pronoxmeed and the radial circula- 
tion gradient is small, the sign of ^Yx/^9 may be reversed and the 
circulation may actually decrease as the boundary layer is approached 
(as, for example, the limiting case of free-vortex flow, fig. 4(f)). 

In the hub region of the blade, the radial velocities associated 
•with the botmdary- layer displacement tend to increase the value of 
across the spacing (fig. 6(c)) and permit a larger radial 
variation of whirl to be maintained. The turning angles in the bub 
region will therefore decrease compared ■wilii liie magnit'udes without 
■wall boundary layers in the direction of the original design variation. 
The complete radial variation of turning angle in a cascade with wall 
"boundary layers »nri radially increasing design circiolation -would there- 
fore appear as shown in figinre 6(d). For radially decreasing circu- 
lation, the reverse trend -wo-uld occur in the potential-flow region. 

In an actual cascade, the real flow is considerably more complex 
than the somewhat simplified concept of the flow given here. For 
example, the existence of flow separation, shochs, blade-end clearance 
■with leakage flows, or radial displacements of the boundary layers along 
the blade surfaces may impose further radial motions on the main flow 
that -will to some extent alter the qualitative resvilts obtained in the 
preceding analyses. Although the existence of a tapering of the 
annulus passage in the ax-t al direction will increase the magnitude of 
the mean radial motions, the blade--fco-blade gradients of Vj, and the 
general secondary- flow picture ■will not be materially affected by con- 
ventional hub or shroud tapers. For conventional unstalled subsonic 
inlet guide vanes ■with RTnal l end clearances, the secondary-flow effects 
as presented herein should predominate. 
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In figure 7 are presented examples of the e^^rimental variation 
of air-turning angle along the radius of typical inlpt guide vanes 
designed for hoth radially increasing and radially decreasing circu- 
lation. For the vane with radisQ.ly decreasing circulation, the turning 
angles in the tip region are very small and therefore the tip boundary- 
layer displacement is likewise small. The measured turning- angle 
veiriation in this region thus approaches the trend anticipated for the 
case of a cascade without wall boundary layer (fig. 5(d)) . 


Trailing Vorticity 

In the preceding sections, secondary flows were shown to exist 
within the passages of annular cascades when variations of radial 
velocity exist across the blade spacing. When the flow leaves the blade 
passages, these uneq-ual radial velocities on the blade pressure and 
suction surfaces form surfaces of discontinuity or shear siurfaces in 
the wakes; this formation corresponds to the formation of a sheet of 
trailing vortices. The strength of the trailing vorticity at any 
radial position depends on the magnitude of the radial velocity dif- 
ference across the blade wake at the trailing edge.. The qualitative 
variations of trailing vorticity along the radial height of a cascade 
are estimated to appear as shown in figure 8 for the various types of 
blading considered. Counter-clockwise rotation is taken as positive 
vorticity. In all cases, because of the vanishing of the radial 
velocities at the walls, the trailing vorticity at the walls is zero. 

The potential induced losses will exhibit corresponding variations 
(proportional to absolute magnitude of |), emd will generally be 
greatest near the hub region for blades, with radially increasing design 
circulations and near the tip region for blades with radially decreasing 
design circulations. 

The boundary requirement of zero trailing vorticity and nonzero 
values of lift (as determined by surface pressure distributions) at 
the ends of cascade blades, constitutes a significant difference 
between the end flows of Isolated and cascade airfoils. The assumption 
of the complete reduction of lift in the boundary- layer regions and the 
subsequent formation of trailing vorticity based on this lift gradient 
(as in references 3 and 6) is therefore not representative of the 
actual flow in cascades. For example, according to the concepts of 
references 3 and 6, the trailing vorticity in the boundary- layer region 
attains its maximum magnitudes as the casing wadi is approached, whereas 
the true trailing vorticity tends to vanish. It is also apparent that 
the usual relations among lift, circulation, and trailiiig vorticity are 
no longer valid in the end regions of cascade blades when wall boundary 
layers are present. 
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QUALITATIVE AHALTSIS 
Ifethod of Singularities 

The problem of obtaining quantitative methods of evaluation of the 
secondary flows in cascades appears quite complex because of the three- 
dimensional natinre of the phenomenon in both the potential-flow and 
wall boundary- layer regions. As an approach to the problem, refer- 
ences 3, 6, and 7 mahe use of the method of singularities in which a 
trailing vortex field (normally associated with the flow about isolated 
airfoils) was en 5 >loyed to calculate the induced downwash behind the 
cascade. This method contains an apparent anomaly, however, in that 
the direction of the induced velocities must be reversed in order to 
obtain the correct cliange in circulation and tvirning angle compared 
with the two-dimensional or blade-element values. 

The approach of this report presumes that actual radial variations 
of air turning angle at the outlet of annular cascades can be satis- 
factorily approximated by applying corrections to the ideal turning- 
angle variation as determined from considerations of the performance of 
individual blade’ elements. The method involves the superposition on 
the ideal flow of a vortex system parallel to the flow in the plane of 
the blades to correct for the effects of the casing boundaries and the 
wall boundary layers. 

Because of the approximate nature of the method, for simplicity 
the entire outlet flow is assumed to leave the blade row axially and 
the cascade blades are assumed to be replaceable by lifting lines of 
variable strength, as indicated in figure 9(a) . Corrections to the 
ideal mean ( cir cumf erentially averaged) blade-element flow are 
obtained from consideration of the induced velocities associated with 
the superimposed -vorticity and are calculated in the plane of the blades. 
It is also presupposed that empirical correction factors -will be neces- 
sary to correlate calculated and ezperimental res\alts satisfactorily. 

Flow without •wan boundary layer. - The method is demonstrated by 
considering the Illustrative case of blading designed to produce a 
linearly increasing circulation along the radius. At first, ideal 
flow across a finite number of blades in an annulus of zero inner radius 
and infinite outer radius is considered. For the case of radially 
increasing circulation, a constant circumferential difference in radial 
velocity is obtained over the blade surface as shown in figure 9(b) . 

The vorticity corresponding to this ideal radial-velocity difference is 
designated the ideal infinite-flow vorticity of the blade.- When the 
blading -is confined between finite annular boundaries, however, the 
radial velocities at the boundaries must vanish. As previously indi- 
cated, as a consequence of the vanishing of the radial velocities at- 
the walls, the trailing vorticity at the boundaries vanishes 
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(fig. 8(b)); and in the absence of wall boundary layers, an overturning 
in th.e hub region and. an underturning in the tip region occur 
(fig. 5(c)). 

The satisfaction of the given conditions can be acconrplished, to 
a first approximation, by superiniposing a distribution of vorticity on 
the ideal inf inite-flx5w vorticity of the blade between the casing 
boundaries. A first type of superimposed vortex distribution might 
attempt to duplicate the true trailing vorticity of the cascade, as 
shown in figure 9(c) . The superimposed vorticity ia equal in magni- 
tude but opposite in rotation to the idea], infinite-flow vorticity of 
figure 9(b) at the walls and rapidly decreases in strength away from 
the walls. The net vorticity will then appear as in figure 8(b). As 
shown in figure 9(c), the induced velocities associated with the super- 
imposed vortex distribution will tend to produce an overturning in the 
hub region and an under turning in the tip region. 

A superiHEppsed vortex distribution of the type shown in figure 9(c) 
will be very difficult to establish quantitatively as a general proce- 
diare because of the absence of a usable relation between the particular 
blade design and the vortex distribution. An alternate vortex distri- 
bution achieving the equivalent induced effects can be obtained, 
however, by relating the svjperinrposed vorticity directly to the ideal 
(blside-element) circulation distribution along the entire radius; that 
is, by employing a vortex distribution equal in strength but opposite 
in rotational direction to the ideal infinite-flow vorticity at an 
points along the radius. The vortex system and its induced velocities 
are shown in .figure 9(d) for the illustrative case of linearly increasing 
circulation. Thus, in a similar manner, the superimposed vortex system 
can be readily determined for any type of design velocity diagram and 
corresponding induced velocities can be calculated. 

Flow with wall botmdary layers. - It was previously shown that 
when wall boundary layers are present , a reduction in turning angle 
from mldspan to the wall boundary layers and an increase in twning 
emgle across the boundary layer toward the walls occur with respect to 
the ideal turning-angle variation. This secondary-flow effect can be 
approximated from the induced velocities of a circular vortex located 
in each boundary- layer region, as shown in figure 9(e). The diameter 
of the core of the circular vortex is roughly of the order of magnitude 
of the thiofcnesa of the boundary layer. Inasmuch as the boundary- layer 
secondary-flow effect was indicated to be a funotion of the turning 
angle at the boundary-layer interface, for simplicity the strength of 
the superlnposed boundary- layer vortex cores is taken to be proportional 
to the magni*:ude of the ciroulation at the boundary- layer Interface. 

Thus, the oompleto superimposed vortex system for the annulus channel 
is obtained from the addition of the vortices in figirces 9(d) and 9(e), 
where as shown in figure 9 (f ) for an arbitrary radial variation of 
circulation of slope d/7dr (counterclockwise rotation taken as 
positive). 
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Eie corresponding trend of variation of the turning angles as obtained 
from the Induced velocities of the superimposed vortex system is 
illustrated in figure 9(g) for the case of radially increasing circu- 
lation. 

In order to completely satisfy the boundary conditions along the 
inner and outer vails of the annulus, a system of vortex Images must 
be established outside these vails so that the conponent of induced 
velocity normal to the wall along the entire surfaces is reduced to 
Kero. For any line vortex at radius r on one side of a circular 
boundary of radius r^, the induced velocity normal to the sxirface 
of the bomdary will be zero if a vortex mirror image of eq.ua! strength 
and opposite irotatlon is Imagined to exist on the opposite side of the 
wall at a distance (reference 14) . For an annular passage, a 

cyclic image system results with an infinite number of Images extending 
out toward infinity outside the annulus, and an infinite number of 
Images bunching up toward the center on the inside of the annulus 
(reference 15) . A partial view of the annulus and Image vortex system 
for a guide-vane cascade as seen looking upstream from a point behind 
the vane is shown in figure 10. The boundary- layer circular vortices 
are indicated by the larger arcs and the main- span vortex sheets are 
indicated by the smaller arcs. 


Induced Turning Angle 

Basic equations. - The total induced velocity at a point along 
the vane lifting line depends upon the contributions of the two types 
of trailing vortex that have been established; namely, the boundary- 
layer circular vortices and the main- span vortex sheet. The velocity 
induced outside the core at a semi- infinite circular vortex at 
radius r (fig. 11) at a point located at radius rp in an annxilar 
cascade is given by (reference 16) 

and the component normal to the plane of the vane is 

f- 


(6) 
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or, for indxLced velocities directed downward in figure 11 (in the 
direction of turning) as positive values, 



rp - r -CDS e 


(2r)rp cos . rjSJ 


( 7 ) 


where c is the angle between the plana of the vane containing the 
vortex and the plane of the vane containing the point investigated. 
Equation (7) is valid, to a first approximation, to compressible as 
well as incompressible flow (reference 17). For the vortex sheet, 
between the boundary- layer limits 




(rp - r cos €)dr 

(2r)rp COB 6 + rp^ 


( 8 ) 


At a given point P along the span of a cascade vane (fig. 11), . 

the total normal induced velocity is obtained by summing up the contri- 
butions of a1 1 the annulus and image line eind sheet vortices in the plane 
of a vane for all vanes in the cascade. Because of the approximate nature i 

of the development, correction factors will be necessary for experimental 
correlation, so that, in general. 





N-1 lc=+t» 



J=0 l&=-co^ 


^t“®t^k 


(S) [^P - f)] ^k 


( 9 ) 
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where 






Ci,C2 

arbitrary 

correction factors 



-k 

represents 

j^th 

vortex image 

in 

inner wall 

+k 

represents 

j^th 

vortex image 

in 

outer wall 


J Integer 

E number of vanes in cascade 

Bie vortices of the vanes within the annulus are designated by k=0 
and the vane containing the point P, called the primary vane, is 
characterized by J-0, 

Inasmuch as vanes equally spaced about the primary vane will 
contribute eq\ially to the induced velocity at P, equation (9) can 
be espressed as 


N-1 
2 ® 

Jsl 

for an odd number of vanes, and for an even nuniber of vanes, 

E-2 


In 


= |(^n)k,j=0 + (‘ln)k,J=|‘+ 2^^^ 

k=-oo J=1 k=- ee 

The induced turning angle is then obtained (fig. 11) from 

q^ 

= tan-^ ^ 

2 


(10a) 


(10b) 


( 11 ) 


where Vg is the ideal cascade outlet velocity detennlned from the 
blade-element turning angles . For simplicity, equal correction factors 
for the vortex cores and vortex sheet are assumed; furthermore, the 
single correction factor now called the correlation factor is applied 
directly to the turning angle so that 


-1 "^n 
= 0 tan ~ 


( 12 ) 
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where is determined from eq\:iation (9) for = Cg = 1. 

Approximate solution. - An exact solution of equation (9) or (lO) 
for an arhltrary variation of circulation along the main span would he 
extremely conrplex and lengthy. In view of the simplified nature of the 
vortex system and the consideration that the induced velocity at a 
point is affected principally by the vortex system of the primary vane 
and the vortices close by, an approximate and relatively simple solution 
of equation (9) was obtained by considering only the image vortices 
immediately ^jacent to the annulus walls and only a few vanes on both 
sides of the primary vane. This procedure is equivalent to the mathe- 
matical condition that a series of the form of equation (9) converges 
rapidly. In reference 15, a similar type of induced velocity summation 
is fovind to be rapidly convergent. The reduced vortex system used in 
the solution was taken to consist of: (l) the two boundary- layer vortex 

cores and the main- span vortex sheet of the annulus van^s, and (2) the 
first hub and tip image vortex cores (located at rj^^/d^ smd r^ 

respectively). The upper value of j in eqmtlon ( 10) was arbitrarily 
set at 3, giving the inclusion of the effect of sev^n vtoes. The error 
involved in neglecting the remainder of the vortices, whose contribution 
rapidly diminishes as the distance from P is increased, will be 
assumed to be absorbed by the empirical correlation factor. From eqiia- 
tion (9) , therefore, with the correction factors equal to 1, 
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Inasmuch as the main- span circulation variation is determined from 
design flo^ conditions in evaluating the integral term of eqtiation (13) , 
it vas assumed that the variation of circulation along the radial hei^t 
of the vane can he represented hy a parabolic relation, such that 



+ hr + c 


(14) 


and 

§■ - ( 15 ) 


Substituting equation (15) in eq\iation (l3) and integrating yield. 



where again. 



18 


HACA EM E51G27 


Inasmach as the wall boundary- layer thickness generally varies 
from blade inlet to outlet, the boundary- layer thickness used in the 
calculation vas obtained from both inlet and outlet values as 

5 » &2 - § (62 - 63 ^) (18) 

The distance from the wall to the axis of the boundary- layer vortex 
cores was set as 

6 = ^8 (19) 

so that the radii at the axis of the vortex cores were 

and 

4t = 't - I St (20b) 

For a given inlet- guide- vane cascade with the radial variation of 
circulation approximated by a parabolic equation and the hub and tip 
boundary layers known or prescribed, an quantities in equations (I 6 ) 
and (17) are determined. Thus, the normal Induced velocity at points 
along the radial height of the vane can be calcrulated by means of 
simple numerical computations.' The actual turning angle is then 
obtained from 


AP = Apg + Api 


( 21 ) 


where Aflg is the blade-element turning angle at each vane section. 


NUMERICAL EXAMPLES 
Vane Designs 

The Induced velocity analysis was conducted for two types of axial- 
flow-compressor inlet-guide vane: (l) vanes with EACA 65-series camber 

lines and with constant chord and hub radius, and ( 2 ) vanes with 
circularrarc camber lines and with varying chord len^h and hub radius 
across the vanes. Calctilations were silso made for a tiurbine-inlet 
nozzle. Examples involving these three vane configurations were chosen 
because of the availability of design turning- angle data (references 18, 
19, and 20, respectively) . Detailed identification data for the various 
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vane designs investigated are presented in table I. Vanes A and B were 
designed for supersonic-compressor application and vanes C, D, and E, 
for conventional subsonic- compressor designs. 

Experimental ttirning- angle data for the compressor- inlet guide 
vanes were obtained for the most part from unreported investigations. 
[Ehe compressor guide vanes were investigated as separate con^nents 
in induction- type annular cascades of constant outer diameter and with 
beUmouth inlet. !Ehe turbine-nozzle txirning- angle data were obtained 
from blades moimted in a sector of an annular cascade as reported in 
reference 20. Ihe axial distance from the inlet face of the bellmouth 
and the nose of the inlet hub section to the guide- vane leading edge 
varied from approximately 14 to 20 inches for an vanes. 

Ihe investigations were conducted with ambient inlet air; the 
flow at the inlet vanes was substantially uniform and axial in al l 
cases, and the angle of the air leaving the blade row was taken as the 
air turning angle. Outlet-air angles were measured by claw- type 
Instrimients for designs A throu^ E and by a pitot- type instrument 
for design P, and were circumferentially averaged at each radial posi- 
tion. Absolute acc^Iracy of the measured angle is estimated to be 

±3/4° and the relative accuracy from point to point is believed to be 
within ±1/4°. 


Calculations 

General procedure. - Ehe calculation of the induced and actual 
turning angles for a given guide-vane cascade was based upon the 
determination of blade- element flow conditions. Blade-element flow 
conditions were obtained from consideration of the cascade vane as a 
series of individual elements, and represented the variation of 
velocity and circulation along the radial height of the vane corre- 
sponding to the blade- element turning angles.. Ehe blade- element 
turning angles used in the .analysis depended on the nature of the 
available design data relating the air turning angle with the geometric 
characteristics of the particular type of guide vane investigated. 

For a given blade profile, in most cases the available design data had 
to be corrected to take into accoimt the differences between the cas- 
cade configuration and flow conditions of the vane row Investigated, 
and the cascade configuration and flow conditions of the vanes from 
■which the original design data were obtained. Ehe element tiirning- 
angle corrections consisted principally of angle adjustments for dif- 
ferences in inlet Mach number (compressibility) and radial displacement 
of the flow due -fco hub taper. 
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Ihe prlnclpsQ. steps involved in the deterini nation of the actual 
mean flow across inlet guide vanes were therrfore associated with the 
calculation of the following quantities; 

(1) Corrected blade -element turning angle '' 

(2) Blade- element circulation and outlet velocity ' 

(3) Induced velocity and turning angle (from equations (l2), (l6), 
and (17)) 

(4) Actual turning angle (from equation (2l)) 

Details of the element corrections to the design data are given in the 
sections for the different types of vane considered. Equations for the 
calculation of outlet velocity and circulation for a given radial vari- 
ation of turning angle are presented in appendix B. 

lEhe annulus boundary- layer thicknesses at hub and tip were deter- 
mined frcm esqperlmental total-pressure distributions whenever available. 
In cases where experimental boundary- layer data were unavailable, the 
average thickness at both hub and tip was taken as 0.06 of the blade 
height for the designs with low hub-tip ratio' (0.5 to 0.6) and as 0.08 
of the blade height for the designs with high hub-tip ratio (0.7 to 
0.8) . These approximate ratio values were obtained from previous 
surveys of the performance of conventional bellmouth inlet sections . 

From the calculated variation of blade-element circulation and the 
average boundary- layer thicknesses, the magnitudes of the circulations 
at the limits of the boundary layers (P^ and F jj^) were determined 
(fig. 9(f)). The determination of the constants a and b for the 
best parabolic curve representing the blade-element circulation then 
completed the quantities required for the calculation of the Induced 
velocity (equations (16) and (17)). 

Va33es with IIAGA 65-serles camber lines. - Design turning- angle data 
for inlet guide vanes with NACA 65-series mean lines were obtained from 
reference 18. The design data were obtained for essentially incompres- 
sible flow, and' Inasmuch as the design inlet Mach number of the subject 
vanes was 0.6, a compressibility correction to the original design data 
was necessary. The compressibility correction was made according to 
the method of reference 21. Inasmuch as the design data of reference 18 
were obtained for conditions of essentially Incompressible flow and 
constant axial velocity across the cetscade, equation (l3) of refer- 
ence 21 was used for the compressibility correction. Values of axial- 
velocity ratio V_ , /V_ « along the vane height at the given inlet Mach 
ntuEber were calculated according to the method of appendix B iislng the 
design turning angles. 
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Vanes vith circular- arc camber lines. - Design turning- angle data 
for the constant-thickness circular-arc guide vanes were obtained from 
reference 19. Inasmuch as the vanes investigated were set in convergent 
passages, the straight-line rule for convergent annuli of reference 19 
was used for the design data. Ihe blade-element corrections for hub 
taper and variable chord length applied to the design rule are dis- 
cussed in detail in appendix C. 

turbine nozzle. - The blade-elanent turning-angle variation for 
the tiarbine nozzle was taken directly from the design outlet angles as 
given in reference 20. 

Examples. - The various turning angles calculated when 
determining the mean actual jfauming angle of inlet gixlde vanes 
(steps 1 to 4) are illustrated in figure 12, with vanes B and D as 
examples. The induced turning angles were calculated at six radial 
positions rp along the height of the vanes between the boundary 
layers; at points 0.13 to 0.15 inch from the limits of the boundary 
layers, and at points measured from the vane mean radius at locations 
approximately 0.45 and 0.85 of the distance between the mean radius and 
the outermost r locations. Induced turning angles at r stations 

closer than approximately 0.13 inch from the boundary layers were not 
believed to be realistic values because of the tendency of the calcu- 
lated induced velocities, as given by equations (16) and (17), to 
approach infinite magnitudes at the boitndary- layer limit. The actual 
turning angles in the boundary- layer regions were therefore extrapo- 
lated to indicate the trend of th& variation as determined from con- 
siderations of the secondary flows and the directions of the induced 
velocities in the boundary- layer regions. Theoretical Induced turning 
angles in the boundary- layer regions were calculated for vane F at the 
axes of the circular vortices in order to substantiate the qualitative 
trends. 


EESULTS AND DISCUSSION 

Experimental correlation. - Theoretical values of Induced turning 
angle without a correction factor were first calculated for the various 
guide vanes investigated. From a comparison of calculated and experi- 
mental radial variations of mean turning angle, it was found that good 
agreement between calculated and observed results could be obtained 
with the use of a constant correlation factor of 0.42. The calcvilated 
variations of actual turning angle along the radial height of the vane 
for the six guide-vane designs investigated are shown in comparison with 
observed values in figure 13 for this correction factor. The original 
design data tioming angles and induced turning angles are also shown 
in figtire 13. 
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An example of the radial variations of theoretical axial and tem- 
gential velocity resulting from the calculated actual txirning angles . 
for vane C is shown in compairison with design and experimental values 
in figure 14. The axial and tangential velocities for the design and 
actual cases were calculated according to the method of appendix B for 
the same flow-area contraction and polytropic efficiency. Design and 
theoretical total velocities were practical ly the same. 

With the use of the empiriceOly determined correlation constant, 
the Induced velocity aneOysis presented herein can he used with good 
accuracy as a method of calcvilating the actioal mean flow across slmilan 
inlet guide vanes when reliable turning-angle design data (two- 
dimensional cascades and so forth) are available. In all examples, 
however, the radleil variation of design axial velocity from hub to tip 
was relatively small (no greater than 17. percent) . The method as pre- 
sented therefore may not necessarily produce results of equivslent 
accuracy for cases of large design axial-rvelocity gradients without 
suitable modification of the blade-element turning singles. 

Rotor- inlet conditions. - The theoretical effect of guide-vane 
secondary deflections on the inlet flow relative to a succeeding row 
at design tip speed was Investigated for vanes C and E. Air inlet 
angles and velocities relative to' the rotor were calculated on the 
basis of guide-veine design data and actual turning angles are shown in 
ccotparison with experimental values in figure 15. Despite the large 
secondary deflections in the guide- vane outlet flow, the design and 
calculated relative inlet angles are very similar in both trend and 
magnitude. At high values of design relative inlet angle, if little 
change occurs in the magnitude of the absolute inlet velocity, changes 
in guide- vane outlet angle result in -very small changes in rotor rela- 
tive inlet angle. As can be seen from consideiratlons of rotor velocity 
diagrams, rotor relative inlet angles (and consequently rotor-blade 
angle of attack) become more sensitive to guide-vane Induced deflec- 
tions as the magnitudes of the design relative inlet angles are 
reduced. For example, for vane E, if the rotor inlet angle is reduced 
from 65° to 50° (by reducing the wheel speed) , the maximum difference 
between the relative inlet angle as calculated from design turning data 
and the relative inlet angle as obtained from calculated actual turning 
angles Increases from a value of somewhat less than 1° to a value of 2°. 
The corresponding maximum . difference for vane..C. was.. increased to 

2^ at an average relative inlet angle of 27°. For relative inlet 

angles near 0°, the magnitudes of the rotor induced inlet- angle deflec- 
tion approach those of the guide vane induced outlet- angle deflections. 

The principal effect of the theoretical guide vane secondary flows 
on rotor-inlet conditions at design rotor speeds appears, as shown in 
figure 14, as a change in the magnitudes of the design inlet velocities. 


86T2 i 



HACA EM E51G27 


23 


I 

For large guide- vane Induced deflections, these velocity changes may 
cause significant variations in rotor- inlet Mach number and therefore 
energy transfer and diffusion. In addition, the existence of trailing 
vorticity shed downstream, of the guide vanes when secondary flows occur 
may have a significant effect on the flow distributions through bhe 
rotor. Rotor- entrance conditions cannot be considered irrotational. 

Ctorrelation factor. - The induced- deflection correction factor of 
0.42 found necessary to correlate satisfactorily the absolute magni- 
tudes of calci0.ated and observed tirmlng angles of the various guide 
vanes tested indicates an apparently large degree of error in the 
representation of the true secondary flows by means of a super- 
imposed correction vortex system. Although the simplification of the 
cascade configuration, the partial summations, and the location of the 
boundary- layer line vortices have some influence on the magnitude of 
the calculated induced velocities (fig. 16, for example), the excessive 
induced deflections obtained from the calculation are due primarily to 
the unhnown proportionality relation between the true vorticity in the 
boundary- layer regions and the vorticity assumed by the method. In 
the potential- flow region of the vanes, the induced velocities asso- 
ciated with the vortex sheet as calculated approach infinite magnitudes 
at the ends of the sheet (at the wall bovindary liters), and consequently 
require some "principal-value” correction. For similar types of non- 
exact vortex-theory analysis, therefore, it may be desirable to exercise 
caution in appljring the values of induced velocities obtained directly 
from the theoretical developments in the absence of experimental corre- 
lation. The need for «ig>irical correction factors for Tase with the 
theoretical Induced velocity expressions of the isolated airfoil 
approach is recognized in reference 22. It is quite probable that 
the required correlation factor may vary for cascades with widely 
different geometries (solidity, spacing, and aspect ratio) or for 
different arrangements of the superimposed vortex system. Further 
investigation would be necessary to establish the limitations of the 
method. 


CONCLUDING REMARKS , 

Secondary flows or deviations of the actual flow from distri- 
butions determined from considerations of blade-element flow were 
shown to exist in conventional annular cascades of inlet guide vanes 
with end- wall boundary layers. In the wall bo\andary- layer regions, 
the secondary flows were characterized by a tendency toward under- 
tinmlng near the free- stream side of the boundary layer, toward over- 
turning near the end walls, and by a displacement of the. wall boundary 
layers toward the suction siirfaces of the blades. Over the main portion 
of the flow (potential-flow region), the secondary flows were explained 
on the basis of the existence of radial variations of the difference 



24 


MCA EM E51G27 


in radial velocity from tlade to tlade and the reqvdrements of Irro- 
tatlonallty. Hbnunlfom radial velocities were shown to arise from the 
boundary conditions imposed hy the end walls and the thickening of the 
wall boundary layers over the suction surface. 

When large radial gradients of circulation are prescribed, the 
effects of the secondary flows, exclusive of considerations of the wall 
boundary layers, are such as to cause a reduction in the magnitude of 
the gradients near the blade ends; that is, the flow tends to approach 
the free-vortex condition. The wall boundary layers always tend to 
reduce the magnitude of the circulation and turning angle, as the 
boundary layers are approached. For vane designs approaching w;heel- 
t3^e outlet rotations, the Induced daflec.tions in the tip region of the 
vanes become especially pronounced. In general, it is unlikely that any 
arbitrarily specified design variation of turning angle can be obtained 
along the entire radial height of an annular cascade. 

Reductions in the secondary flows in inlet guide vanes are always 
desirable in compressor and turbine design in order to minimize the 
induced losses in the vane end regions, Secondaiy flows can be reduced 
to a large extent through reductions in the thickness of the annulus - 
wall boundary layers (fife, 17). Reductions in boundary-layer thickness 
can be accomplished by carefvil design of the annuius inlet section and 
by boundary- layer removal. Methods of boundary- layer r^oval, however, 
are costly and rather difficult for inlet guide vanes. For designs with 
large radial gradients of design circvilation, wall boundary- layer 
removal will not be effective in eliminating the effects of the vortloity 
in the central region of the vanes. For such cases, information con- 
cerning the magnitudes of , guide-vane induced losses is necessary in 
order to evaluate properly the net benefit . obtained . from the attempted 
establishment of such design gradients,. 

It is eilso probable that the geometry of the cascade configuration 
selected to produce a given velocity diagram exerts an influence on 
the magnitude of the secondary losses, for the magnitudes and gradients 
of the radial velocities will be affected by such factors as chord 
length, camber, thickness, eind spacing. : For example, an examination 
of the terms for spanwise velocity in current boundaiy- layer secondary 
flow theory reveals that (within, the assumptions of the theory) for 
fixed flow conditions, the gradient of spanwise velocity across the 
blade spacing decreases with increasing spacing. It is therefore con- 
ceivable that for a given blade height and design velocity diagram, 
there may exist an optimum combination of blade camber, solidity, and 
aspect ratio that results in. minimum over- all losses. 

The existence of trailing vortic.ity behind the guide^vane row 
when, secondary flows are present means that the . flow entering the 
succeeding rotor row cannot truly be considered . Irrotational ■ 



KACA BM E51G27 


S5 


However, it is not known to wiiat extent the usual values of guide- 
vane trailing vorticity will affect the flow and vorticity distrihu- 
tions through the rotor and succeeding stages. 

As far as hlade-row mismatching due to second ary- flow deflections 
is concerned, in general, the effects of inlet- guide- vane induced flows 
on the inlet velocity diagrams relative to a succeeding rotor row, at 
design conditions do not appear to he as marked as the Induced effects 
on the guide- vane-outlet flow itself. For conventional conservative 
compressor and turbine designs, the relative induced deflections may 
not be sufficiently serioxas to warrant adjusianents in the design of the 
rotor row. For high-perfoimance stages operating at high levels of 
blade loading and I&ch number or for rotors with relatively low steigger 
angles, however, the secondary flow deflections in the blade end regions 
may approach significant magnitudes. In such cases, when the inlet- 
guide- vane design involves either relatively large magnitudes or large 
radial gradients of turning or both, it may be desirable to affect 
adjustments in the guide- vane or rotor design in order to accoxmt for 
the velocity diagram distortions. 

A relatively simple method of correction, so far as a design pro- 
cedure is concerned, is to adjxist the guide-vane design to compensate 
for overt lirning or under turning - as the case may be-in the regions 
of the vane where such deviations are anticipated. For guide- vane 
designs similar to those investigated, the calculation method presented 
can be reliably used to obtain an evaluation of the Induced deflections 
and required adjustments. Adjustments of this nature, however, further 
increase the magnitudes and gradients of the design circulation, which 
result in further increases in the secondary flows emd losses. The net 
gain involved in the adjvistment is therefore questionable and cannot be 
evaluated until an indication of the induced losses is obtained. In 
addition, alteration of the design circulation in one region of a vane 
will affect the Induced velocities in »n regions of the vane. The 
problaa therefore is quite congilex and would require fxjrther investi- 
gation before any reliable recommendations could be made. 
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API^NDIX A 
SYMBOLS 

The following symbols are used in this report: 
annulus area 
constants ■■ 

Cg correlation or correction factor 

radial distance to axis of hoiHidary- layer vortex core 

distance from annulus wall to axis of boundary- layer 
vortex core 

^ 2itj 

cos € COS — ^ 

total enthalpy 

normal distance between point and vortex axis 

integers - 

contraction coefficient 
Mach number 

number of vanes in cascade 
polytropic exponent 

point at which induced velocity is calculated 

static pressure - - — 

induced velocity 

radius 

entropy 

direction normal to streamline 
absolute temperature 
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V 

X 

z 

p 

r 

A 

Ap 

8 

e 


velocity 

distance along span 

axial direction 

air exit angle 

circTolation 

change in 

air turning angle 

■boundary- layer thickness 

angle "between plane of reference vane and plane of vane containing 
‘vortices in q.uestion, 


6 circumferential direction 

1> angle "between line from axis of rectilinear vortex to point in 
plane of vane and line normal to plane of vane 

I vortlclty parallel to flow 

p density 

qj camber angle for circular-arc camber-line vane ■ 

Subscripts ; 

1 cascade inlet 

2 cascade outlet (measxaring station) 
b 'streamline across vane 

c curvature 

d design data 

e blade element 

h hub (inner wall) 
i induced 
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integers 

m mean radius 

n normal to plane of trailing -vorticity 

p point at wiiich induced velocity is calculated 
r radial 

t tip (outer vail) 

V boundary 

z aaclal 

0 tangential 

Superscript ; 


vortex images or vane trailing edge 
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APFEHDIX B 

CALCULATIOlf OF VELOCITT AED dRCULATION 


The radial variation of avlaT and tangential velocity leaving an 
flnrmi ar row Of Blades was obtained from the radial congxjnent of the 
equation of motion given in reference 23 (equation (7d)) for steady 
ajcially symmetric flow neglecting terms involving viscosity, or 


Sh 






(Bl) 


For flow across inlet guide vanes, total enthalpy and entropy varia- 
tions along the radial height can be considered negligible, malH ng 

bB./dr = 0 and T ^ =0. In addition, the effect of radial accelera- 
tions due to variations of the radial velocity component can be 
neglected with little error (simple radial pressure eqiillibrlum) . 
Eq'uation (Bl) then becomes 



0 Ve 

W • 


(B2) 


For guide vanes with axial air inlet, the axial and. tangential veloci- 
ties are related through the tiirning (outlet) angle where 


Vfl = tan B 


(B3) 


Substituting in equation (B2) , rearranging, and reducing give 

1 


tanp^E.-j-E 


(B4) 


Integrating along the radius in terms of the hub reference radial posi- 
tion gives, at fixed axial position. 


ln^= la£2e_|_ 
Vz,h cos 


dr 

r 


or 
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_ cos fi 

Ph ® 



^ 2 „ 
sin p 

r 


dr 


From continuity, across the vane row 


J ' \,1 Pi dxi = K 
^l,h 



p r dr 


(B5) 


(B6) 


where K is a contraction coefficient that accounts for the change in 
effective flow area from inlet to outlet due to vane wakes arirj change 
in wall boundary- la 7 er displacement thickness. For essentially uniform 
inlet conditions, equation (B6) can be expressed as 



The density ratio can be derived from the energy equation polytropic 
relation between pressure and density as 


P 



1/ 


(B8) 


where n is the polytropic ejcpoJ^nt for expansion. 

Thus, from equations (B5) and (B7), when ^ is determined, all 
velocity components can be calculated. The outle'^ velocity and vane 
circulation are then obtained from 


V = 



(B9) 


and 


r = 


2nr 

N 


V Bin p 


(BIO) 
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For given inlet conditions and radial variation of turning angle, 
equations (B5) and (B7) were first solved using K » 0.97 eind 
n = 1.39 (corresponding to a polytropic efficiency of approximately 
0.98), and assumed values of p/p^^* Values of p/p^ were tljen com- 
puted from eqxiation (B8) for th.e calculated values of velocity obtained 
from the assumed density ratios in equation (B7) . The resulting values 
of p/p 2 _ then inserted in equation (B7) and new values of velocity 

were obtained. In all cases, it was unnecessary to compute 
more than twice. ’ 
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APBEKDIX C 

BLADE-ELEJffiNT TURMING-ANGLE CORRECTION FOR CIRCUIAR-ARC 
VANES WITH HUB TAPER 

The vanes with circialar-arc camber lines used in the investigation 
had variable chord length and were set in convergent annuli. Blade- 
element turning angles along the radial height of the vanes were obtained 
from the straight-line rule of reference 19. The design rule of refer- 
ence 19 was deduced from ejqperimental data obtained primarily from the 
central (mean radiiis) region of vanes set in convergent annuli. As such, 
the design data represent tinrning angles for given vane cambers for 
conditions of radial displacement ' and the distance to the measiiring 
station characteristic of the mean-raidlus region of this type of vane. 
Because of the variation along the vane height of radial deflection of 
the streamlines and of distance from trailing edge to measuring sta- 
tion (fig. 18), however, the design rule will not be entirely repre- 
sentative of the flow conditions across elements in the hub and tip 
reglo3as of the vanes investigated. 

If the design rule is considered to represent correctly the turning 
angle at the mean radius of a vane,- for an element of given camber at a 
given radius, the streamline configuration represented by the design- 
rule data will appear as Indicated by the parallel dashed lines in fig- 
ure 18. For locations other than the mean radius, at the measuring 
station C-C angle deviations from design-data values will occur becaoase 
of differences in; (l) 1116 effective camber across the vane, (2) the 
change in angular momentum from trailing edge to measuring station, 
and (3) the cheinge in average axLeJ. velocity from trailing edge to 
measuring station. An approximate correction to the design-nile data 
was therefore made to take these differences into account. 

For a given vsine section E-E at radius r near the hub (fig. 18), 
the design rule predicts the value of tin:*nlng single at approximately 
point d for streamline flow corresponding to D-D. In terms of 
velocity components, this design-data turning single can be expressed 

SIS 


tsui 



At point b in the measuring plane at the same radius, however, a 
somewhat different turning angle will be obtained because of the stream- 
line path B-B of the actual flow, where 



tan 
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Thus, 


From considerations of conservation of angular momentum from the 
vane trailing edge to the measuring station, along the design-rule 
streamline D-D, 


r^‘ Vfl = rV- ^ 

d y,d e,d 

and along the aprplication streamline B-B, 


'e,h 


• = rV, 


e,b 


Thus 




(v) tan (APO^ 

^z,d’ tan 


(C2) 


Inasmuch as the trailing- edge slant angle and the difference r^^’-r-^j' 
are small, can he assumed equal to and hy use of the 

equivalent design-rule streamline at the mean radius, equation (C2) 
can be expressed as 


V, 


^e,b ^ 

e,d 




m tan (Ap')^ 
tan 


(r')jj^ tan (Ap')^ 

tan [(Ap-y^ + a(aP')] 


(C3) 


where A(i^^ ' ) is the difference in turning angle at d' and b ' . 

A d if ference in tlie turning angles at r^' and r^’ occiars because 

of: (l) the difference in the cylindrical-stcrface camber of the vane 

corresponding to the two trailing-edge radii and (2) the difference in 
the effective camber due to the angle of the streamline displacement 
across the vane. !Hie difference in turning angle due to the difference 
in cylindrical- surface camber is given by 


A(Ap) 


dcp 


d(Ap) dCp 
dCp dr 


Ar 


which, with the turning-angle slope of the straight-line rule (refer- 
ence 19) , becomes 
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A(A^')=0.985 ^ (r^- - r^’ ) (C4) 

!Ehe theoretical correction for change in effective camber was negligible 
for the guide vanes investigated. 

Inasmuch as A(Ap) is generally small compared with Ap', sin 
equivalent expression for the tangential-velocity ratio can then be 
obtained, with negligible error aa far as the tangent ratio is con- 
cerned, as 

Ve,a " 

where A(Ap) is tahen as 


b 

The axilal- velocity ratio between points d and b can be 
represented by the ratio of the average eixlal velocities at the points; 
hence, from continuity. 


A(Ap) * 0.985 


f 




^z,d ^ 

Vz,b 


(C7) 


where A^ and Ad are the annulus areas at points b and d, res- 
pectively. Tbft annul us- area ratio of equation (C7) can be related to 
points along the vane trailing edge where, assuming small change in 
passage taper between measuring station and trailing edge. 


Pb^b ^ Pm'V 
Pd^d Pd'Ad' . 


(C8) 


For simplicity, the effect of the density ratio can be replaced approxi- 
mately by considering the right member of equation (C8) to be equivalent 
to the annulus-area ratio Ajj^'/Ajj'. Thus, eqmtlon (C7) becomes 

^z,d _ (^t^-^h^)m' 

^z,b 


(C9) 
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After equations (C5) and (C9) are s\ibstituted into equation (Cl), the 
corrected blade- element txirnlng- angle relation is obtained as 




tan AB, = 

^b /■_ 2 _ 2 




IV L* 


tan 


tan'pp^^^TA^A^^ 




tan Ap 


d 


(CIO) 


where A(AP) is glren by eq\xation (C6) . 
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TABLE I - BLADE DESIGN AND ANNULUS DATA 


Guide 

vane 

design 

Type 

Mean line 

Thick-^ 

ness 

distri- 

bution 

Average 

thicknesB 

ratio 

(percent 

chord) 

Chord 

(to.) 

Average 

solidity 

Eadlus 
at tip 
(to.) 

Radius 
at hub 
inlet 
(to.) 

Radius 
at hub 
outlet 
(to,) 

Aspect 

ratio 

Location 
of meas- 
uring 
station 
(to.) 

Inlet 

Mach 

number 

Hub 

Tip 

A 

Comiiressor 

Circular arc 

Constant 

3.7 

1.23 

2.00 

1.65 

7.00 

3.64 

4.07 

2.09 

0.25 

0.28 

b' 

Coag^resBOir 

Circular arc 

Constant 

3.7 

1.23 

2.00 

1.65 

7.00 

3.64 

4.07 

2.09 

.25 

.28 

cl 

Can^KPeBsQT 

Circular arc' 

Gonetant 

3.7 

2.79 

3.76 

1.55 

15.00 , 

11.48 

11.98 

.94 

.25 

.29 

d8 

CoD^^resacr 

65-8erles | 

Variable 

10,0 

1.75 

1.75 

1.3 

6.59 

5.10 

5.10 

.85 

.92 

.60 

E 

ConpresBor 

65-serlea 

Canstant 

3.1 

1.65 

2.19 

1.0 

8,00 

6.00 

6.00 

1,04 

.30 

.60 

f3 

Turbine 

- - " 

Variable 

13.8 

2.05 

2.10 

1.56 

11.70 

9.00 

9.00 

1.30 

.20 

,2d 


^Design data obtained, from Predrlc Fladar^ Inc. 
^Design data obtained fraa reference 20. 
^Deeign data obtained frcm reference 24. 
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Suction Burface 


Lines of constant totaJ.- 
pressure difference (in 
percent of l3iitial total 
pressure) 
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— ^Radial equilibrium dlaplacement 
— •‘-Boundary-layer dlsplacemeart 


Hub 


Bedlua, r, In. 


Tip 


(a.) Radial velocities for decelerating flow. (e) Radial variation of \rtitrl for decelerating flow. 



(f) ErparJmentg]. varlatiou of tumliig angle 
across free-vortex turbine-inlet nozale 
(reference 20). 



Figure 4. - Concluded. Secondary flows in annular cascades wltb free-vortex b Jad i ng. 




‘Whirl, tVqj 
turning angle 






(a) Radial -velocities along span for radially 
increaBing circulation. 



(h) Radial velocities across spacing for 


radially Increasing circulation. 



Radius^ r 


(c) Turning angle and vhirl for radially 
IncreaBing circulation. 


(d) Turning angle and idbLlrl for radially 
decreasing 


Figure 5. - Secondary flows in annular cascades vl-th radial circulation gradients and without wall bouudaiy layers 
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— - Ridial e<iidl£barlTin di^plac^mt 
— Boundary-layer fllepJaoeafint 


(a) aadlal vaLoaitlaa along span. (b) todlal velocities acrosa apaclag 

In tip retfion. 



(o) Badial TeloQltloa aaroas spaaing (d) Itadlal variation of tutnlng angla* 

In Ixnb region. 



rigore 6. - Secondary flows in annnT a r esasoades with radial olroulatloa gradleirtB and with wall boundary 
layers. Badially Increasing clrcDlatlon (oonatant tangsntlal velocity]. 
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Vortlcity 
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(a) Free vortex (constant circulation) vith 
boundary layer, 


(b) Radially increaelng circulation without 
boundary layer. 



Radius, r 




(c) Radially Increasing circulation 
with boundary layer. 


(d) Radially decreasing circulation 
with boundary layer. 


Figure a. - Qualitative mriatlon of trailing vortlclty along span of blades In annular cascade. 
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(c) SuperinpoBed Tortex aysteu Ta«tween finite annulua 
boundarlefl to approximate true trailing vortex system 
and true turning Guigle deflections. Linearly increas- 
ing circulation irLtliout wall "boundary layer- 


(d) Superimposed vortex system directly propor- 
tional to ideal vortlclty to approximate true 
turning-angle defleotloais with sero net vortlclty 
at "boundaries* Linearly increas i ng circulation, 
without wall boundary layers. 


Figure 9. - Development of superlnposed vortex system for Induced turning-angle correction. 





Turning angle 
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(e) SuperlnpoBcd circular vorfclcas In nail 
bounflary’-layer regions and correi^ondlng 
Induced velocities to apporoxlmte 
aecondary-'flov effect of vail boundary 
layers. 



(g) Variation of turning an^e obtained 
fron Induced velocities of si^erlupoaed 
vortex system* Radially increasing 
circulation. 



Circular vortex Vortex sheet Circular vortex 


(f) Determination of strength of superiatposed 
vortlclty from bLadfi>^ element (design) 
variation of circulation. 



T'gure 9. - Concluded. Dovelopaant of superimposed vortex systea for Induced turning-angle 

correction. 


CD 


HAGA BM E51GS7 







52 


NACA EM E51GB7 



Figure 12. - Illiostratlon of calculated actual turning angle 
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Figure 13. - CoD^iaarison ot calculated and experimental turning angles of 

inlet guide vanes. 
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Figure 13, - Continued. Coaparison of calcialated and experimental turning 
angles of inlet guide vatnes. 
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Figure IS. - Continued. ComparlBon of oalcuinted and es^riaiental turning angles 

of inlet guide vanes. 
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> U \ I ! I I ! I I I UJl 

5.0 5.5 6.0 6.5 

Eadiiis^ r. In. 


(d) Vane D. 



Figure 13. - Continued. Ccn^iarison of calculated and experimental, turning angles of 

Inlet guide vanes. 
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Figure 13. - Continued. ' Coiiparlson of calculated and 
experimental turning angles of Inlet guide vanes. 
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(f) Vane F. 



Figure 13. - Concluded^ Ccxnparlson of calculated and experizoental turning 
angles of Inlet guide vanes. 
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Eadivi8> in. 

Figure 16. - Effect of location of boundary- layer 
vortex on calcxilated uncorrected induced turning 
angle for free-vortex inlet guide vane. Mi , 0.4j 


Radius > r> in. 


Figure 17. - Effect of boundary- layer thickness on 
calculated uncorrected Induced t\maing amgle for 
free-vortex inlet guide vane. Mi, 0.4j 25° 
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